The purpose of this paper is to study surfaces whose mean curvature is given as a C 1 function depending on their angle function, which are immersed in the product spaces M 2 (κ) × R. This class of surfaces extends widely, among others, the wellknown theory of surfaces with constant mean curvature in the product spaces. We cover topics such as the analysis of rotational examples, existence and uniqueness of immersed spheres, a Delaunay-type classification result and the construction of entire graphs and catenoidal-type surfaces. Finally, we analyze further examples to show the richness and wideness of this class of immersed surfaces.
Introduction
Let H ∈ C 1 (S 2 ) be a C 1 function defined on the two-sphere of the Euclidean space R 3 . An immersed surface Σ in R 3 is said to have prescribed mean curvature H (for short, Σ is an H-surface) if its mean curvature function H Σ satisfies H Σ (p) = H(η p ), ∀p ∈ Σ, (1.1)
where η denotes the Gauss map of Σ. Obviously, when H = H 0 is chosen as a constant, the surfaces defined by means of Equation (1.1) are just the surfaces with constant mean curvature equal to H 0 .
The definition of this class of immersed surfaces is motivated by a long standing conjecture due to Alexandrov [Ale] regarding the uniqueness of strictly convex spheres 2 with prescribed Weingarten curvature, i.e. in Equation (1.1) the function H is an arbitrary symmetric function of its principal curvatures and its Gauss map. theorem 3 for immersed surfaces governed by an elliptic PDE in an arbitrary oriented three-manifold. For the particular but important case when we prescribe the mean curvature, that is when Σ is governed by Equation (1.1), this uniqueness result states the following: let S be an strictly convex sphere satisfying (1.1). Then, any other immersed sphere satisfying (1.1) is translation of S.
Besides the work of Guan and Guan [GuGu] , where the authors proved the existence of H-spheres under symmetry conditions on H, the class of immersed surfaces in R 3 defined by Equation (1.1) was largely unexplored until Bueno, Gálvez and Mira [BGM] recently developed the global theory of prescribed mean curvature surfaces in R n . In this work the authors covered topics such as a Delaunay-type classification result for rotational H-hypersurfaces, a priori curvature and height estimates for H-graphs, a structure theorem for properly embedded H-surfaces with finite topology, stability properties of H-hypersurfaces and a radius estimates for stable H-surfaces.
In addition to the constant mean curvature case, there are choices of the prescribed function H ∈ C 1 (S 2 ) that generate classes of immersed surfaces in R 3 that have been also widely studied. For instance, if we prescribe the height function on the sphere measured in the e 3 direction, i.e. H(x) = x, e 3 ∀x ∈ S 2 , the class of H-surfaces defined by Equation (1.1) are no other than the self-translating solitons of the mean curvature flow (MCF in the following); see [CSS, HuSi, Ilm, MSHS] for relevant works regarding these solitons.
In general, we may impose that H depends only on the height of the sphere. These functions are called rotationally symmetric for obvious reasons, and thus there exists a one dimensional function h ∈ C 1 ([−1, 1]) such that H(x) = h( x, e 3 ). For this particular choice, Equation (1.1) reads as is the angle function.
Our aim in this paper is to extend this recently developed theory of H-surfaces to the product spaces M 2 (κ) × R, where M 2 (κ) stands for the complete simply connected surface of constant curvature κ. We take as a starting point the natural mixture between the well-studied theory of immersed constant mean curvature surfaces in these product spaces and the theory of H-surfaces in R 3 .
The theory of immersed surfaces in the product spaces M 2 (κ)×R have expermiented an extraordinary development since Abresch and Rosenberg [AbRo] defined a holomorphic quadratic differential on every constant mean curvature surface, that vanishes on rotational examples. This quadratic differential, called in the literature the Abresch-Rosenberg differential, enabled the authors to extend the so called Hopf theorem: an immersion of a constant mean curvature sphere in M 2 (κ) × R is a rotational, embedded sphere. This milestone was the starting point for the growth of a fruitful theory of positive constant mean curvature surfaces (CMC surfaces in the following) surfaces in M 2 (κ) × R.
When trying to extend Equation (1.1) to the product spaces M 2 (κ) × R, we find out two major difficulties: the spaces S 2 (κ) × R do not carry a Lie group structure, and thus we are not able to define a left-invariant Gauss map in order to prescribe some function on a fixed sphere, just like in Equation (1.1). For the spaces H 2 (κ) × R, the difficulty when trying to extend this theory comes from the fact that they have two non-isometric Lie group structures; one unimodular and other non-unimodular, see [MePe] for details.
Nonetheless, in the spaces M 2 (κ) × R we have a notion of angle function as well, defined by measuring the projection of a unit vector field η of Σ onto the vertical Killing vector field e 3 just like in Equation (1.3). Bearing this in mind, we can define the following class of immersed surfaces in M 2 (κ) × R: 1] ). An immersed surface Σ in the product space M 2 (κ) × R has prescribed mean curvature H if its mean curvature H Σ satisfies H Σ (p) = H(ν p ), ∀p ∈ Σ.
(1.4)
In analogy with the Euclidean case, we will simply say that Σ is an H-surface.
Besides the trivial choice of H as a constant, there are other choices of the prescribed function that generates some known classes of immersed surfaces in the spaces M 2 (κ)×R. Indeed, if we consider the function H(x) = x, ∀x ∈ [−1, 1], the class of immersed surfaces generated by Equation 1.4 are the self-translating solitons of the MCF in the spaces M 2 (κ)×R; see [Bue1, LiMa] for a recent survey of the properties of these solitons. These particular, almost trivial, choices of the prescribed function H and the class of immersed surfaces generated by them, show the richness and wideness of the class of H-surfaces for arbitrary choices of H.
The rest of the introduction is devoted to detail the organization of the paper, and highlight some of the main results.
In Section 2 we will exhibit some basic properties of immersed H-surfaces in the product spaces. We will show that the H-surfaces satisfy the geometric maximum principle, as they can be locally expressed as graphs that satisfy a divergence expression. We make special emphasis in the ambient isometries that preserve the class of H-surfaces; any such isometry must keep the angle function invariant in order to preserve Equation (1.4) . Specifically, in Lemma 2.2 we will show that almost all the isometries of the spaces M 2 (κ) × R are also isometries for the class of H-surfaces for an arbitrary prescribed function H.
When studying the properties of CMC surfaces in some ambient space, one of the key tools is the existence of a sphere of the same mean curvature. This is the motivation for the contents of Section 3, where we take advantage of the symmetries of Equation (1.4) to be able to define rotational H-surfaces immersed in M 2 (κ)×R. The arbitrariness of the prescribed function H prevents us from obtaining a first integral to study these rotational examples.
In the same fashion as in Section 3 in [BGM] , we approach this study in Section 3.1 by means of a phase space analysis of the resulting ODE that the profile curve of a rotational H-surface satisfies. In Section 3.2 we impose some necessary conditions on H in order to ensure the existence of an H-sphere. We also show in Theorem 3.4 that rotational H-spheres have monotonous angle function, and thus they are unique among all immersed H-spheres due to Gálvez-Mira uniqueness theorem [GaMi1] .
In Section 3.3 we announce one of the main results in this paper in Theorem 3.8, where we prove the existence of rotational H-spheres under some necessary and sufficient geometric conditions on H. Finally, in Section 3.4 we apply the phase plane study realized so far to prove in Theorem 3.10 a Delaunay-type classification result for rotational, complete H-surfaces. That is, all such examples are spheres, vertical circular cylinders, properly embedded of onduloid type and properly non-embedded surfaces of nodoid type.
In Section 4 we focus ourselves in the space H 2 × R, where we construct, for a large amount of prescribed functions H ∈ C 1 ([−1, 1]), vertical H-graphs and a one-parameter family of properly embedded annuli which generalize the usual minimal catenoids. In particular, the conditions needed for the existence of the H-graphs show that the hypothesis stated in Theorem 3.8 where we proved the existence of H-spheres, are not only sufficient, but also necessary and optimal. This result generalizes the well-known fact for CMC surfaces in H 2 × R, where the value H 0 = 1/2 is critical; if H 0 > 1/2, there exists a CMC H 0 sphere, and if H 0 = 1/2 there exists a vertical, entire CMC 1/2 graph.
Finally, in Section 5 we construct further examples of H-surfaces by imposing some conditions on H. We give examples of properly embedded disks which are cylindrically bounded in both S 2 × R and H 2 × R. For the latter space, we define a one-parameter family of properly immersed annuli which generalizes the wing-like solutions of the MCF, see [Bue1, LiMa] . We also obtain a one-parameter family of properly embedded annuli that varies between a CMC cylinder and a singular family of double covers of horizontal planes joined along the rotation axis by their necks. These examples show the wideness and diversity in the class of H-surfaces.
Basic properties of H-surfaces in the product spaces
Let M 2 (κ) be the complete, simply connected surface with constant curvature κ. Then, up to isometries, M 2 (κ) is one of the following surfaces: if κ = 0 we get the usual flat plane R 2 ; if κ < 0 we obtain the hyperbolic plane H 2 (1/ √ −κ); and if κ > 0 we recover the totally umbilical sphere S 2 (1/ √ κ). We drop out the case κ = 0, since the theory of immersed H-surfaces in R 3 has been widely studied in [BGM] . These non-flat surfaces can be regarded as isometric immersions in the space R 3 κ , where R 3 κ stands for the usual Euclidean space if κ > 0, or for the Lorentz-Minkowski space L 3 endowed with the metric with signature +, +, − if κ < 0. Indeed, the surface M 2 (κ) can be defined as the quadric
Up to an homothetic change of the metric, we may suppose that κ = ±1, and thus the base of the product spaces are just the sphere S 2 and the hyperbolic plane H 2 . When expressing both spaces at the time, we will drop the dependence on κ by just writing
The product spaces M 2 × R are defined as the riemannian product of the complete surface M 2 with the real line, endowed with the usual product metric. This product structure ensures the existence of a Killing vector field defined as the gradient of the projection onto the real factor, called the vertical vector field and denoted by e 3 . The vertical planes are the surfaces given by γ × R, where γ ⊂ M 2 is a geodesic. These vertical planes are totally geodesic surfaces isometric to R 2 . The horizontal planes are the surfaces given by M 2 × {t 0 }, t 0 ∈ R. These horizontal planes are totally geodesic surfaces isometric to M 2 .
Besides the space forms R 3 , H 3 and S 3 , whose isometry group has dimension six (the highest for a three dimensional space), the product spaces M 2 × R have isometry group of dimension four, the second highest for a three-dimensional space. This group is generated by three linearly independent translations and the isometric SO(2) action of rotations that leaves pointwise fixed a vertical line of the form p × {R}, where p ∈ M 2 .
One of the uniparametric group of translations is the flow of the vertical Killing vector field e 3 . The product structure ensures us that the other two linearly independent group of translations in M 2 × R are generated by two linearly independent translations of the base M 2 . The remaining isometries in M 2 × R are defined as linear combinations of the previously introduced isometries.
Let Σ be an H-surface and take some p ∈ Σ. Suppose that η p is not an horizontal vector. Thus, the implicit function theorem ensures us that a neighborhood of p ∈ Σ can be expressed as a vertical graph of a function u : Ω ⊂ M 2 → R. In this situation, Equation (1.4) has the following divergence expression
where div M 2 and ∇ M 2 are the divergence and gradient operators, both computed w.r.t. the metric of the base. If η p is horizontal, then Σ can be expressed as a horizontal graph which also satisfies a divergence-type equation, see e.g. Section 5 in [Maz] . In particular, the H-surfaces satisfies the Hopf maximum principle in its interior and boundary versions, a property that has the following geometric implication Lemma 2.1 (Maximum principle for H-surfaces) Given H ∈ C 1 ([−1, 1]), let Σ 1 , Σ 2 be two H-surfaces, possibly with non-empty smooth boundary. Assume that one of the following two conditions holds:
1. There exists p ∈ int(Σ 1 ) ∩ int(Σ 2 ) such that η 1 (p) = η 2 (p), where η i is the unit normal of Σ i , i = 1, 2.
2. There exists p ∈ ∂Σ 1 ∩ ∂Σ 2 such that η 1 (p) = η 2 (p) and ξ 1 (p) = ξ 2 (p), where ξ i denotes the interior unit conormal of ∂Σ i .
Assume moreover that Σ 1 lies around p at one side of Σ 2 . Then Σ 1 = Σ 2 . Now let us focus in the ambient isometries and how they act on the class of H-surfaces. First, observe that given H ∈ C 1 ([−1, 1]), Σ an H-surface and Φ an isometry of M 2 × R, if we ask Φ(Σ) to be an H-surface for the same prescribed function H, then the r.h.s. of Equation (1.4) implies that Φ must keep invariant the angle function ν of Σ. For example, the translations of an immersed surface in M 2 × R does not change the value of the coordinates of its unit normal, and thus it is immediate that any translation of an H-surface is again an H-surface. Moreover, almost all the isometries of M 2 × R will be also isometries for the class of immersed H-surfaces, as a straightforward consequence of the next lemma:
Then Σ = Φ • Σ is an H-surface in M 2 × R with respect to the orientation given by η := dΦ(η).
In particular, as the angle function ν on each surface is invariant under the rotations around any vertical axis, Equation (1.4) implies that the class of H-surfaces contains the rotations around each vertical line as a uniparametric group of isometries. As a matter of fact, the class of H-surfaces also contains the reflections with respect to vertical planes as isometries. The only missing isometries are the reflections with respect to horizontal planes, since these isometries change the value of the angle function of Σ and thus the expression of Equation (1.4).
Suppose now that H is an even function. If R is an horizontal reflection and p ∈ Σ, then the angle function ν * of the reflected surface Σ * = R(Σ) in p * = R(p) ∈ Σ * satisfies that ν * (p * ) = −ν(p). Hence,
This implies that if H is an even function, the horizontal reflections in M 2 × R are induced as isometries for the class of H-surfaces, and thus all the isometries of the space M 2 × R are also isometries for the class of immersed H-surfaces.
The following proposition is a consequence of Lemmas 2.1 and 2.2. It generalizes Alexandrov's theorem for closed, embedded CMC surfaces and its proof is based in a clever idea due to Rosenberg applied in the Lie group Sol 3 , see also Proposition 2.8 in [BGM] .
Then, Σ is topologically a sphere and it is rotational around some vertical axis. Moreover, if H is also even then Σ is a symmetric bi-graph over some horizontal
Sketch of the proof : Fix some horizontal direction v and consider the foliation Π v (t) of M 2 × R by vertical planes orthogonal to v. As we can reflect Σ w.r.t. these vertical planes, Alexandrov reflection technique ensures us that Σ is a bi-graph over some Π v (t 0 ). Because v was chosen as an arbitrary vector, we conclude that Σ is a bi-graph w.r.t. each horizontal direction, and thus bounds a simply connected domain, i.e. Σ is a sphere. Moreover, all the planes of symmetry must intersect in a vertical line and Σ is rotational around this line.
If H is even, we can reflect w.r.t. horizontal planes and apply again Alexandrov reflection technique in order to ensure that Σ is also a vertical bi-graph, concluding the proof.
3 Existence of rotational H-spheres
The main purpose in this section is to prove the existence of a rotational H-sphere, supposed some restrictions on the prescribed function H. First, denote by I = [−1, 1] and define the following set of functions, that will be useful in the development of this section
For κ = 1 the condition 4H(y) > (1 − κ) 1 − y 2 is just the positiveness of the function H. However, for κ = −1 this condition reads as 2H(y) > 1 − y 2 . 4 We will give a geometric sense to this condition in the development of this section, that will conclude in Theorem 3.8, where we prove the existence of an H-sphere provided that H ∈ C 1 κ,even (I). In Section 3.1 we analyze the ODE that the profile curve of a rotational H-surface satisfies by means of a phase space analysis. In Section 3.2 we give some necessary conditions on H for the existence of H-spheres, and we prove that the angle function of an H-sphere is a monotonous function. This qualitative study will conclude in Section 3.3 where we prove in Theorem 3.8 the existence of a rotational H-sphere for the particular case that H ∈ C 1 κ,even (I). For this same space of prescribed functions, in Section 3.4 we obtain a Delaunay-type classification result for H-surfaces. This result extends the known classification result for CMC surfaces in M 2 × R.
A phase space analysis
Without losing generality, we may suppose that the axis of rotation is the vertical axis passing through the origin. Consider an arc-length parametrization of a regular curve α κ (s) = (x 1 (s), 0, x 3 (s), h(s)) ⊂ M 2 × R, x 1 (s) > 0, s ∈ I ⊂ R, which is contained in a vertical plane passing through the origin, and rotate it around this axis; here we are considering the model of M 2 given by the quadric (2.1) for κ = ±1. The orbit of α κ (s) under this uniparametric group of rotations generates an immersed surface Σ. Because α κ (s) ∈ M 2 × R, its first coordinates satisfy x 2 1 (s) + κx 2 3 (s) = κ and thus there exists a where the trigonometric function sin κ is the usual sine function if κ = 1 and the hyperbolic sine if κ = −1; the same holds for cos κ . For clarity reasons, we will denote simply by α κ = (x(s), h(s)) to the profile curve defined in Equation (3.2).
This construction generates a regular surface Σ immersed in M 2 × R, parametrized by
The angle function of Σ κ at each point ψ κ (s, θ) is given by ν ψκ(s,θ) = x (s), ∀s ∈ I.
If the same fashion, we define the function
For clarity reasons, we will omit up from now the dependence of the variable s. The principal curvatures of the parametrization ψ κ of Σ are given by
where k ακ is the geodesic curvature of α κ .
In this setting, the mean curvature H Σ of Σ satisfies the ODE
As α κ is an arc-length parametrized curve, the relation x 2 + h 2 = 1 holds and thus the function x satisfies the second order autonomous ODE
. If we denote by y = h , we can write Equation (3.6) as the first order autonomous system
At this point, we shall study system (3.7) with a phase plane analysis as in [BGM] , where the authors studied rotationally symmetric H-surfaces immersed in the Euclidean space
We define the phase plane Θ κ ε of (3.7) as the half-strip Θ −1 ε := (0, ∞) × (−1, 1) if κ = −1 and Θ 1 ε := (0, π)×(−1, 1) if κ = 1, with coordinates (x, y) denoting, respectively, the distance to the rotation axis and the angle function of Σ. Note that in the case κ = 1, as the base S 2 is compact, the maximum distance that a point can reach from an axis of rotation is exactly half of the length of a great circle of S 2 , since for that maximum distance equal to π we already reach the antipodal axis.
The points in Θ κ ε where y = 0 correspond to the points α κ where the angle function of Σ has vanishing derivative, and by Equation (3.4) these points correspond also to the points α κ where the geodesic curvature k ακ vanishes. The second component of the function F (x, y) in (3.7) ensures us that these points are placed at the intersection of Θ κ ε with the (possibly disconnected) horizontal graph given by
has an asymptote where the arctanh function fails to be defined. This occurs when the argument of the arctanh function is equal to ±1, since for these values arctanh(±1) = ±∞. Thus, Γ −1 ε has an asymptote if and only if 1 − y 2 0 = 2εH(y 0 ), for some y 0 ∈ [−1, 1]; see Figure 1 . Figure 1 : The phase plane for κ = −1. Here the curve Γ −1 1 as an asymptote at some y 0 .
The case κ = 1 is trickier. Suppose that there exists some y 0 ∈ [−1, 1] such that H(y 0 ) = 0. Then, Γ 1 ε (±∞) = ±π/2, proving that Γ 1 ε takes finite values at the zeros of H. By periodicity we can extend the arctan function at the zeros of H as detailed next. If y 0 is a zero of H and δ > 0 is small enough such that H(y 0 − r)H(y 0 + r) = 0, ∀ 0 < r < δ, then the function Γ 1 ε (y) defined as
is a C 1 extension of Γ 1 ε (y) at y 0 . In the first case, the zero y 0 has odd multiplicity; in the second case, the zero y 0 has even multiplicity and the graph Γ 1 ε has horizontal tangent at y 0 . We will keep naming Γ 1 ε to all the extensions glued at the zeros of H, see Figure 2 , left. Figure 2 : Left: the phase planes for the case κ = 1. The curve Γ 1 1 has has been extended at y 0 , which is a zero of H with odd multiplicity. Each component of this extension is plotted in green and blue, respectively. Right: the phase plane Θ 1 −1 . Observe the symmetry between the phase planes Θ 1 ε w.r.t. the vertical line {x = π/2}.
Let us study more in detail the case κ = 1. When the distance to the axis of rotation L 0 = {p 0 } × R, p 0 ∈ S 2 tends to π, we approach to the antipodal axis L 0 = {−p 0 } × R. As the base S 2 is compact, and because there exists an orientation-preserving isometry Φ of S 2 × R such that Φ(L 0 ) = L 0 , rotational surfaces around L 0 can be identified with rotational surfaces around L 0 . In this case, if α(s) = (sin x(s), 0, cos x(s), h(s)) is an arclength parametrized curve in S 2 × R intersecting orthogonally L 0 at the instant s = 0, then the curve α(s) = (sin x(−s), 0, − cos x(−s), h(−s)) is an arc-length parametrized curve intersecting L 0 at s = 0. Both α and α generate a rotational H-surface in S 2 × R, that differ one from the other by an isometry. This also implies that the graph Γ 1 −1 (y) in the phase plane Θ 1 −1 can be defined by means of Γ 1 1 (y) as
(3.10)
In particular, although H may be positive everywhere, the curve Γ 1 −1 also exists in Θ 1 −1 , unlike in the case κ = −1; see Figure 2 , right.
The equilibrium points are the e ε,κ 0 = (x 0 , y 0 ) ∈ Θ κ ε such that F κ,ε (x 0 , y 0 ) = 0. These equilibria must lie in the axis y = 0 by Equation (3.7), and we shall identify e ε,κ 0 ≡ (e ε,κ 0 , 0).
This equilibrium point corresponds to the case where Σ has constant distance to the axis of rotation and vanishing angle function everywhere; that is, Σ is a right circular cylinder S 1 (e ε,−1 0 ) × R of constant mean curvature H 0 = 1/(2e ε,−1 0 ) and vertical rulings.
However, if κ = 1, there are two equilibria e ε,1 0 , each one in Θ 1 ε . These equilibria correspond also to vertical cylinders, with distances to the axis of rotation π-complementary, i.e. e 1,1 0 + e −1,1 0 = π. The equilibria are given by
Notice that e 1,1 0 = e −1,1 0 if and only if H(0) = 0. The solutions of system (3.7) are called orbits, with coordinates γ(s) = (x(s), y(s)). Two distinct orbits cannot intersect in the phase plane, since it would be a contradiction with the uniqueness of Cauchy problem, and thus the set of all the possible orbits provide then a foliation by regular proper C 1 curves of Θ κ ε (or Θ κ ε − e ε,κ 0 if some e ε,κ 0 exists). In some cases the curve Γ κ ε might be empty; for example, for the case κ = −1, H ≤ 0 and ε = 1. The curve Γ κ ε and the axis y = 0 divide Θ κ ε into connected components, having in common that both x(s) and y(s) are monotonous in each component. In particular, at each of these monotonicity regions, the geodesic curvature k ακ of α κ has constant sign given by (3.4) sign(κ 1 ) = sign(−εy ), sign(κ 2 ) = ε.
( 3.13) We can view the orbits of system (3.7) locally as graphs y = y(x), wherever y = 0. Specifically, we have
Thus, in each monotonicity region the sign of the quantity yy is constant. This implies that the signs of y 0 and x 0 − Γ κ ε (y 0 ) (when Γ κ ε (y 0 ) exists) determine how the orbit of (3.7) behaves at the point (x 0 , y 0 ). The following lemma summarizes the behavior of an orbit γ(s) in each monotonicity region Lemma 3.1 In the above setting, the different behaviours in each component are described as follows
) and y 0 < 0, then y(x) is strictly increasing (resp. decreasing) at x 0 .
3. If y 0 = 0, then the orbit passing through (x 0 , 0) is orthogonal to the x axis.
4. If x 0 = Γ κ ε (y 0 ), then y (x 0 ) = 0 and y(x) has a local extremum at x 0 .
For any (x 0 , y 0 ) ∈ Θ 1 ε , we ensure the existence and uniqueness of the Cauchy problem of an orbit passing through (x 0 , y 0 ) that is a solution of system (3.7). However, Equation (3.7) has a singularity at the points with x 0 = 0, and thus we cannot apply the existence and uniqueness of the Cauchy problem in order to guarantee the existence of an orbit having as endpoints either (0, ±1).
We may overcome this difficulty by means of the recent work of [GaMi2] , where the authors have studied the existence and symmetries of Weingarten spheres 5 in homogeneous three-manifolds. Indeed, in Section 4.1, which has a strong interest in itself, they solved the Dirichlet problem for radial solutions of an arbitrary fully nonlinear elliptic PDE. The following lemma is a straightforward consequence of the fact that our ODE (3.6) is a particular case of this study.
Lemma 3.2 Let be H ∈ C 1 ([−1, 1]) and δ = ±1. Then, there exists a unique (up to vertical translations) H-surface Σ in M 2 × R that is rotational with respect to the the e 3 axis, and that meets this rotation axis orthogonally at some point p ∈ Σ, with unit normal at p given by the vertical unit vector δe 3 ∈ M 2 × R.
Proof: The existence of a radial solution, and hence rotational, follows from the results developed in Section 4.1 in [GaMi2] . The uniqueness of this graph follows easily from the maximum principle and the fact that Equation (3.7) is independent with respect to the height.
2 This Lemma has the following consequence when analyzing the phase space Θ κ ε .
Then, there exists a unique orbit in Θ κ ε that has (0, δ) ∈ Θ κ ε as an endpoint. There is no such an orbit in Θ κ −ε .
Proof: Let Σ be the rotational H-surface given for δ by Lemma 3.2. Let α κ (s) = (x(s), h(s)) be the profile curve of Σ, defined for s ∈ [0, s 0 ) or s ∈ (−s 0 , 0] depending on the orientation chosen on α κ , and assume that x(0) = h (0) = 0, i.e. s = 0 corresponds to the point p 0 of orthogonal intersection of Σ with its rotation axis. The mean curvature comparison theorem ensures us that all principal curvatures of Σ at p 0 have same sign as H(δ).
By (3.4) the geodesic curvature of α(s) at s = 0 is non-zero, and thus the sign of h (s) is constant for s small enough. It follows then by (3.13) that εH(δ) > 0. Consequently, the profile curve α κ (s) generates an orbit in the phase space Θ κ ε with (0, δ) as an endpoint. It is also clear from the argument that such an orbit cannot exist in Θ κ −ε , because of the condition εH(δ) > 0. 2
Necessary conditions for the existence of H-spheres
Once we have introduced the phase plane and analyzed the behavior of its solutions, our first objective is to prove the existence of rotational spheres. In order to under-stand the properties of the possible existing H-spheres, first we derive some necessary conditions on H by supposing that some rotational H-sphere already exists.
Our first result shows that the angle function of a rotational H-sphere is a monotonous function. This fact allows us to guarantee that it there exists a rotational H-sphere for some H ∈ C 1 ([−1, 1]), then it is unique by means of Gálvez-Mira uniqueness theorem [GaMi1] .
Theorem 3.4 Let be H ∈ C 1 ([−1, 1]) and suppose that S H is a rotationally symmetric H-surface in M 2 × R, diffeomorphic to S 2 . Then, the angle function of S H is a monotonous function. .8), is a compact connected arc with endpoints (0, 1) and (0, −1). Hence in each Θ κ 1 we have four monotonicity regions Λ κ 1 , . . . , Λ κ 4 with monotonicities given by Lemma 3.1 and an equilibrium e 1,κ 0 ; see Figure 3 .
showing the monotonicity direction of each region Λ κ i .
By Corollary 3.3, there exists an orbit γ in Θ κ 1 that has (0, 1) as an endpoint. This orbit corresponds to an open subset of S H that intersects the axis of rotation orthogonally with unit normal e 3 . By the monotonicity properties, γ stays in Λ κ 1 for points near to (0, 1). Notice also that the orbit γ cannot approach any point (0, y) with |y| < 1. Indeed, in such an endpoint, the H-sphere would be asymptotic to a vertical straight line, contradicting the compactness of S H , or would have a non-removable isolated singularity, which cannot happen because of the ellipticity of Equation (1.4). Also, since γ cannot self-intersect (since it would contradict the uniqueness of Cauchy problem), it is clear that γ can behave in only two ways: i) If γ enters at some moment in the regions Λ κ 3 or Λ κ 4 , then γ has to converge asymptotically to the equilibrium e 1,κ 0 of Θ κ 1 . But this means that the profile curve α κ (s) is asymptotic to a vertical straight line, i.e. S H is asymptotic to a cylinder, what contradicts compactness of S H . Thus, this case is impossible.
ii) If γ stays in Λ κ 1 ∪ Λ κ 2 , then it is a graph of the form x = g(y) > 0, with y ∈ (y 0 , 1) for some y 0 ∈ [−1, 1). By compactness of S H we must have y 0 = −1. Thus, γ can be extended to be a compact graph x = g(y) ≥ 0 for y ∈ [−1, 1], and it has a second endpoint at some (x 1 , −1) with x 1 ≥ 0. Now we repeat the arguments above but starting at the point (0, −1), obtaining an orbit σ in Λ κ 1 ∪Λ κ 2 ⊂ Θ κ 1 . We conclude that σ can be extended to be a graph x = t(y) ≥ 0 for y ∈ [−1, 1], with a second endpoint at some (x 2 , 1) with x 2 ≥ 0. Since γ and σ cannot intersect on Θ κ 1 , the only possibility is that x 1 = 0 or x 2 = 0. Thus, by the uniqueness property of Corollary 3.3, we have γ = σ, which is then an orbit in Θ κ 1 joining (0, 1) with (0, −1). Since, again by Corollary 3.3, there are no orbits in Θ κ −1 having any of such points as an endpoint, we conclude that γ is the whole orbit that describes the profile curve α(s).
By Equation (3.7), and since γ stays in the region Λ κ 1 ∪ Λ κ 2 , it follows that y (s) < 0 for all s. This implies that the angle function of S H , ν ακ (s) = x (s) is a monotonous function, completing the proof.
2
We announce next a comparison-type result for closed H-surfaces in M 2 × R that gives us information on their top and bottom points, i.e. their points with largest and lowest height, respectively. Proof: Let be K H a closed H-surface and η its unit normal vector field. Let be p, q ∈ K H the points of K H with lowest height and largest height, respectively. Consider the foliation of M 2 × R by totally geodesic slices M 2 t = M 2 × {t}, t ∈ R. Notice that we can change the orientation of each element of this uniparametric family without changing the value of the mean curvature, as it vanishes identically. Take some M 2 t and move it by vertical translations by decreasing t, until M 2 t ∩K H = ∅. Then, we move M 2 t upwards by increasing t until reaching at some instant t 0 a first contact point p 0 with K H . This point is necessary an interior one, since both surfaces have no boundary.
First, suppose that H(1)H(−1) = 0.
Suppose that η p = e 3 , since the case η p = −e 3 is proven similarly after a change of the orientation. As K H lies around p above M 2 t 0 , the mean curvature comparison theorem ensures us that 0 < H K H (p) = H(η p ) = H(1). Now keep moving M 2 t upwards by increasing t until we reach a last instant t 1 > t 0 where K H and M 2 t 1 intersect for the last time in a tangent point p 1 . Note that if η q = e 3 , then we would have H K H (q) = H(1) > 0, but this would contradict the mean curvature comparison principle since M 2 t 1 is a minimal surface lying above K H around q. Thus, necessarily we have η q = −e 3 and again the mean curvature comparison principle ensures us that H(−1) > 0, and the first item holds.
Notice that implicitly we have proven that in a closed surface K H , the unit normals η p and η q of the points p and q with largest and lowest height, respectively, are vertical and opposite. Now we suppose that H(−1)H(1) = 0, and without losing generality assume that H(1) = 0. Then, either η p or η q is the vertical vector e 3 , say η p . In this situation, the totally geodesic slice M 2 t 0 constructed as before is tangent at p and with both unit normals agreeing. In this situation, the maximum principle for H-surfaces ensures us that K H is the totally geodesic slice M 2 t 0 , and thus H vanishes identically. This proves Proposition 3.5.
The next results expose some necessary conditions on the prescribed function H for the existence of a rotational H-sphere. Notice that these conditions are needed for the particular case when H = H 0 is chosen as a positive constant, since in the space H 2 × R there exists a CMC sphere if and only if H 0 > 1/2. The value 1/2 is known as critical and, in fact, it is optimal; for H 0 = 1/2 there exists a rotational, entire vertical graph in H 2 × R, incapacitating the existence of a CMC 1/2 sphere.
The next Proposition generalizes this well-known fact to the class of rotational H-surfaces. In Proposition 4.2 we will show that this inequality is also optimal, since if equality holds at some point we will construct a rotational, entire vertical H-graph in
Proposition 3.6 Let be H ∈ C 1 ([−1, 1]) such that there exists a rotational H-sphere S H in H 2 × R. Then 2H(y) > 1 − y 2 or 2H(y) < − 1 − y 2 , ∀y ∈ [−1, 1]. In particular, H has constant sign.
Proof: If H(±1) = 0, then S H can be chosen as a totally geodesic leave H 2 ×{t 0 }, t 0 ∈ R, and the result holds trivially. Thus, we may suppose that H(±1) = 0. We suppose that H(1) > 0, since the case H(−1) is proven similarly.
Let p, q the points of intersection of S H , with the axis of rotation, and suppose that p 3 < q 3 , where x 3 stands for the height of a point x ∈ M 2 × R. Let η be the unit normal of S H . Then, it is clear that η(p) and η(q) are both vertical vectors, i.e. they point in the e 3 or −e 3 direction. By the mean curvature comparison principle and by Proposition 3.5, we have that η p = e 3 and η q = −e 3 . In particular, we have that H(−1) > 0 also holds.
Suppose that the axis of rotation of S H is the vertical line passing through the origin. Then, S H is generated by the rotation of an arc-length parametrized curve as in Equation (3.3), and generates an orbit γ(s) = (x(s), y(s) in Θ −1 1 having (0, ±1) as endpoints, which correspond to the points p, q of intersection of S H with the axis of rotation. Now, as H(1) > 0, at the point y = 1 it is clear that the inequality 2H(y) > 1 − y 2 holds. By continuity, for y close enough to y = 1 the function H(y) is positive. If condition 2H(y) > 1 − y 2 fails, let y 0 be the largest value in (−1, 1) such that 2H(y 0 ) = 1 − y 2 0 . Note that by continuity H(y 0 ) must be positive. Then, the graph Γ −1 1 (y) given by (3.8) is a graph onto the axis x = 0, having the point (0, 1) as end point and the line {y = y 0 } as an asymptote. Note that Γ −1 1 ∩ {y ≤ y 0 } ⊂ Θ −1 1 is emtpy. Now, two possibilities can occur for Γ −1 1 depending on the sign of y 0 :
• The point y 0 satisfies y 0 ≥ 0. Then, the curve Γ −1 1 is strictly contained in the halfstrip [0, ∞) × (y 0 , 1]. This implies that, by properness and by the monotonicity properties of the orbits in Θ −1 1 , γ(s) converges also to {y = y 0 }, generating an entire, strictly convex graph and contradicting the compactness of S H .
• The point y 0 satisfies y 0 < 0. Then, the curve Γ −1 1 intersects the axis {y = 0} and the equilibrium e 1,−1 0 = arctanh(1/(2H(0)) exists. Again, by properness and the monotonicity properties of the phase plane Θ −1 1 , the orbit γ(s) must spiral around e 1,−1 0 , and thus the surface S H should wiggle around a vertical line, contradicting again the compactness of S H . This proves Proposition 3.6 for the case that H(1) > 0. If H(1) < 0 then condition 2H(y) < − 1 − y 2 is just a change of the orientation of the problem, and thus its proof is similar. This completes the proof of Proposition 3.6.
It is clear that for the particular choice H(y) = H 0 ∈ R + , the condition 2H(y) > 1 − y 2 , ∀y ∈ (−1, 1) is just that H 0 has to be greater than 1/2, generalizing this known fact of CMC surfaces in H 2 × R.
The case κ = 1 is different. Although the argument 1 − y 2 /(2H(y)) of the graph (3.8) may tend to infinity, the function arctan can be extended C 1 in the singularities as shown in Equation (3.9), and thus the graph Γ 1 ε (y) is defined for all the values y ∈ [−1, 1], and in both phase planes Θ 1 ε . However, we can give a necessary condition for the existence not only of rotational H-spheres, but for a generic closed H-surfaces, depending on the signature of the multiplicity of the zeros of H.
Proposition 3.7 Let be H ∈ C 1 ([−1, 1]) such that there exists a closed H-surface K H in S 2 × R. Then if H vanishes, it has an even number of zeros (counting multiplicity).
Proof: Suppose that H has an odd number of zeros (counting multiplicity). In particular, H does not vanish identically and thus Proposition 3.5 ensures us that both H(±1) are nonzero. For definiteness, say H(1) > 0. As H has an odd number of zeros, if follows that H(−1) < 0.
Let p, q ∈ K H denote the points of K H with lowest and largest height, respectively, and let η be the unit normal vector field of K H . As seen in Proposition 3.5, the unit normals η p and η q are both vertical vectors and opposite to each other, and the function H satisfies H(−1)H(1) > 0. This is a contradiction with the fact that the number of zeros of H is odd.
A similar argument works for the case H(−1) > 0, and the result is proved. 
Existence of H-spheres
The study carried on in Section 3.2 showed some necessary conditions on H ∈ C 1 ([−1, 1]) if we expect the existence of a rotational H-sphere, as well as proved that the angle function of an immersed H-sphere, if existing, must be a monotonous function.
In the next theorem we prove the existence of a rotational H-sphere, provided that H ∈ C 1 κ,even (I). In Sections 4 and 5 we will justify that these hypothesis are necessary and optimal by constructing counterexamples that support this claim if some hypothesis fails to hold.
It is worth to mention that a more general existence result of immersed spheres in a simply connected, homogeneous three-manifold and whose mean, Gauss and extrinsic curvatures H, K and K e , respectively, satisfy a general Weingarten relation of the form Φ(H, K, K e ) = 0, has been recently obtained in [GaMi2] . . This property has the following consequence in the phase plane Θ κ ε : if (x(s), y(s)) is a solution to (3.7), then (x(−s), −y(−s)) is also a solution to (3.7). Geometrically, this means that any orbit of the phase spaces Θ κ ε is symmetric with respect to the y = 0 axis. As 4H(y) > (1 − κ) 1 − y 2 , the curve Γ κ 1 is a compact arc, symmetric with respect to the axis y = 0 and having (0, 1) and (0, −1) as endpoints. Thus, the phase plane Θ κ First, let Σ κ + (resp. Σ κ − ) be the H-surface given by Lemma 3.3 intersecting orthogonally the axis of rotation and with unit normal equal to e 3 (resp. −e 3 ) at this intersection. We will denote by γ κ + (resp. γ κ − ) to the orbit in Θ κ 1 associated to Σ κ + (resp. Σ κ − ), see 3.3. Thus, γ κ + is a curve in Θ κ + with (0, 1) as endpoint, that lies in Λ κ 1 for points near to (0, 1). This also happens for γ κ − , which has (0, −1) as endpoint and lies in Λ κ 2 for points near to (0, 1). By the symmetry condition and by uniqueness, if γ κ + = (x(s), y(s)) then γ κ − = (x(s), −y(s)). By properness and by monotonicity γ κ + cannot have some (x 0 , y 0 ), x 0 > 0, y 0 > 0 as endpoint. By the mean curvature comparison principle, the coordinate x(s) cannot tend to infinity when the coordinate y(s) approaches to some y 0 ≥ 0. Thus, γ κ + has to intersect the axis y = 0 at some finite point (x 0 , 0), x 0 > 0 without leaving the component Λ κ 2 . Claim: The point (x 0 , 0) of intersection between γ κ + and the axis y = 0 cannot be the equilibrium point e 1,κ 0 .
Proof of the claim: Let us analyze the structure of the orbits of Θ κ 1 around e 1,κ 0 . Because H is an even function, we have that H (0) = 0. A straightforward computation shows that the linearized system at e 1,κ 1 associated to the nonlinear system (3.7) for ε = 1 is
The a 12 element of the linearized matrix −κ − 4H(0) 2 is always negative; for κ = 1 is trivial, and for κ = −1 it follows from the hypothesis 2H(y) > 1 − y 2 by just substituting at y = 0. In this situation we ensure that the orbits of Equation (3.15) are ellipses around the origin. By classical theory of nonlinear autonomous systems, this means that there are two possible configurations for the space of orbits of (3.7) near e 1,κ 0 ; either all such orbits are closed curves (a center structure), or they spiral around e 1,κ 0 . However, this second possibility cannot happen, since all orbits of (3.7) are symmetric with respect to the axis y = 0, and e 1,κ 0 belongs to this axis. In particular, we deduce that all orbits of Θ κ 1 stay at a positive distance from the equilibrium e 1,κ 0 . This proves the claim.
In this situation, γ κ + intersects the axis {y = 0} at some x 0 = e 1,κ 0 , and can be expressed as a graph γ = (x, f (x)), with f (x) a satisfying f (0) = 1, f (x 0 ) = 0, f (x) < 0. By symmetry, the same holds for γ κ − by just defining the function (x, −f (x)), see Figure 4 . By Equation (3.4) the principal curvatures of each Σ κ ±1 are positive everywhere. In particular Σ κ + is a compact graph intersecting the axis of rotation and having the circumference S 1 (x 0 ) × {a}, for some a ∈ R, as boundary. In this boundary, its unit normal η is horizontal and points inwards. By symmetry, Σ κ − is just the graph Σ κ + symmetrized with respect to a horizontal plane; the symmetry condition on H induces these reflections as isometries for the class of H-surfaces. In particular Σ κ − is a compact graph which has also as boundary the circumference S 1 (x 0 ) × {b}, for some b ∈ R, and its unit normal is also horizontal and points inwards.
This implies that after a vertical translation, both Σ κ ±1 are symmetric bi-graphs with respect some horizontal plane, and with their unit normals agreeing along their boundaries. By uniqueness of the Cauchy problem, we can smoothly glue both H-surfaces obtaining a compact H-surface with genus 0 which is embedded, i.e. an embedded, rotationally symmetric H-sphere S H ; see Figure 5 . Thus, the orbit γ 0 generated by S H in Θ κ 1 is a compact arc, symmetric with respect to the axis y = 0, that lies entirely in Λ κ 1 ∪ Λ κ 2 and with (0, ±1) as endpoints. 2 Figure 5 : A rotational H-sphere S H in H 2 × R for the particular case H(y) = y 2 + 1. Note that S H is a bi-graph over the slice H 2 × {0}.
Observation 3.9 Let be H ∈ C 1 κ,even (I) and S H the corresponding rotational H-sphere, which exists by Theorem 3.8. Then, Theorem 3.4 ensures that the angle function of S H is strictly monotonous. In this situation, we can apply Gálvez-Mira uniqueness Theorem to ensure that H is the only immersion of an H-sphere in M 2 (κ) × R.
A Delaunay-type classification theorem
The analysis of the phase plane done so far allows us to classify all the rotational H-surfaces for a given H ∈ C 1 κ,even (I). This is the aim of this Section, where we prove in Theorem 3.10 a Delaunay-type classification result. Indeed, given H ∈ C 1 κ,even (I) the complete rotational H-surfaces are an H-sphere, a vertical cylinder and two uniparametric families: one consisting on properly embedded annuli of onduloidal-type; and the other consisting on properly immersed (with self-intersections) annuli of nodoidal-type.
Theorem 3.10 Let be H ∈ C 1 κ,even (I). Then, up to isometries, the rotational surfaces with prescribed mean curvature H in the product spaces M 2 × R are classified as follows:
1. There exists a compact sphere S H .
There exists a vertical cylinder of constant mean curvature H(0).
3. There exists a one parameter family of properly embedded H-surfaces, O H , invariant by a vertical translation and the topology of an annulus, called H-onduloids.
4. There exists a one parameter family of properly immersed H-surfaces, N H , invariant by a vertical translation and the topology of an annulus, called H-nodoids.
Proof: The existence of a rotational H-sphere S H was already proved in Theorem 3.8, where we also began the study of the phase plane Θ κ 1 for a function H ∈ C 1 κ,even (I). In particular, we deduced that the orbit γ κ 0 generated by S H in Θ κ 1 is a compact arc with (0, ±1) as endpoints, symmetric with respect to the axis y = 0 and that lies entirely in Λ κ 1 ∪ Λ κ 2 . Observe that the equilibrium e 1,κ 0 ∈ Θ κ 1 , given by (3.11) if κ = −1 or (3.12) if κ = 1, corresponds to the vertical cylinder C H (e 1,κ 0 ) with constant mean curvature equal to H(0). This proves Item 2.
As a consequence, the orbit γ κ 0 divides Θ κ 1 into two connected components: one containing the equilibrium e 1,κ 0 , which we will denote by W κ 0 , and other denoted by W κ ∞ . If κ = −1, then W −1 ∞ is unbounded; if κ = 1, then W 1 ∞ contains the antipodal axis corresponding to {π} × [−1, 1]. Note that the uniqueness of the solution of the Cauchy problem guarantees that any orbit of Θ κ 1 lies entirely in one of these open sets. Name x κ 0 to the intersection of γ κ 0 with the axis {y = 0}, fix some ξ > x κ 0 and denote by γ κ 1 to the orbit corresponding to ξ. Then it is clear that γ κ 1 lies entirely in Λ κ 1 ∪ Λ κ 2 . By properness, symmetry and monotonicity, γ κ 1 can be expressed as a horizontal graph x = g κ (y) such that g κ is strictly increasing (resp. decreasing) in (−1, 0] (resp. in [0, 1)) and with g κ (±1) = x κ > 0, i.e. γ κ 1 has the points (x κ , ±1) as endpoints, see Figure 7 . Let Σ κ 1 denote the rotational H-surface in M 2 × R associated to any such orbit in W κ ∞ , and let α κ (s) = (x(s), z(s)) be its profile curve. Note that z > 0 since ε = 1. Then, Σ κ 1 is a compact (with boundary) symmetric bi-graph over some domain Ω ⊂ M 2 of the form {x ∈ M 2 : t 0 ≤ |x| ≤ x κ }, and its boundary is given by
for some a < b. The z(s)-coordinate of the profile curve α(s) of Σ κ 1 is strictly decreasing, and the unit normal to Σ κ 1 along ∂Σ κ 1 ∩ {z = a} (resp. along ∂Σ κ 1 ∩ {z = b}) is constant, and equal to e 3 (resp. to −e 3 ). Now let us analyze the behavior of the orbits in the phase planes Θ −1 κ . If κ = 1, then the curve Γ 1 −1 given by (3.8) also exists in Θ 1 −1 , and as we mentioned in Equation (3.10) it can be expressed as Γ 1 −1 = π −Γ 1 1 . Thus, the equilibrium e −1,1 0 is given by π − e 1,1 0 , and in particular it also exists in Θ 1 −1 . Moreover, if γ(s) = (x(s), y(s)) is an orbit in Θ 1 1 , then γ(s) = (π − x(s), −y(s)) is an orbit in Θ 1 −1 . Thus, if Λ 1 1 , ..., Λ 1 4 are the monotonicity regions in Θ 1 1 and W κ 0 , W κ ∞ are the regions of Θ κ 1 determined by γ κ 0 , then Λ 1 i = π − Λ 1 i , i = 1, ..., 4 are the monotonicity regions in Θ 1 −1 and W κ 0,∞ = π − W κ 0,∞ ; see Figure 8 , right. Thus, the study of the phase plane Θ 1 −1 reduces to the study of the phase plane Θ 1 1 ; see Figure 8 , right. Suppose now that κ = −1. In this situation, the curve Γ −1 −1 in Θ −1 −1 does not exist, and so Θ −1 −1 has only two monotony regions: Figure 8 , left. The description of the orbits in Θ −1 −1 follows easily from the monotonicity properties as explained in Lemma 3.1. Any such orbit is given by a horizontal C 1 graph x = g(y), with g(y) = g(−y) > 0 for every y ∈ (−1, 1), and such that g restricted to [0, 1) is strictly increasing. In the case that g(y) → ∞ as y → 1 for some orbit, the rotational H surface in H 2 × R described by that orbit would be a symmetric bi-graph over the exterior of an open ball in H 2 × R. This is impossible by the mean curvature comparison principle, since we would be able to compare with the H-sphere S H . Thus, any orbit in Θ −1 −1 has two limit endpoints of the form (r, ±1) for some r > 0 Consider the orbit γ κ −1 in Θ κ −1 having as endpoints (x κ , ±1), see Figure 8 , left. By similar arguments to the ones used for Θ κ 1 , we conclude that Σ κ −1 is a compact (with boundary) symmetric bi-graph in M 2 × R over some domain in M 2 × R of the form {x ∈ M 2 : x κ ≤ |x| ≤ t 1 }, and
for some c < d. This time, the unit normal to Σ κ −1 along ∂Σ κ −1 ∩ {z = c} (resp. along
Consequently, by uniqueness of the solution to the Cauchy problem for H-graphs in M 2 × R, we can deduce that, given x κ > 0, the H-surfaces Σ κ −1 and Σ κ 1 that we have constructed associated to x κ can be smoothly glued together along any of their boundary components where their unit normals coincide, to form a larger H-surface. For this, we should note that both Σ κ −1 and Σ κ 1 are defined up to vertical translations in M 2 × R, and so we can assume without loss of generality in the previous construction that a = d or that b = c (and hence Σ κ 1 and Σ κ −1 have the same Cauchy data) . By iterating this process we obtain a proper, non-embedded rotational H-surface in M 2 × R diffeomorphic to S 1 × R, invariant by a vertical translation, see Figure 9 . This proves the existence of the family of H-nodoids N H in M 2 × R. To end the proof of Theorem 3.10, we consider an orbit γ κ of Θ κ 1 that is contained in the region W 1,κ 0 . Recall that we pointed out in the proof of Theorem 3.8 that any orbit stays at a positive distance from the equilibrium e 1,κ 0 , and so γ κ does. As γ κ is symmetric with respect to the y = 0 axis, taking into account the monotonocity properties of Θ κ 1 , we see that only two possibilities can happen for γ κ :
1. γ κ is a closed curve containing e 1,κ 0 in its inner region, or 2. γ κ is a proper arc in Θ κ 1 with two limit endpoints of the form (0, y 1 ), (0, y 2 ), with −1 < y 1 ≤ 0 ≤ y 2 < 1.
Let us rule out the second case. So, assume that γ κ has a limit point of the form (0, y), |y| < 1, and let α κ (s) = (x(s), z(s)) denote the profile curve of its corresponding rotational H-hypersurface Σ κ . Then, (x(s n ), x (s n )) → (0, y) for a sequence of values s n , and in particular α κ (s) approaches the rotation axis in a non-orthogonal way (since |y| = 1). So, by the monotonicity properties of the phase space, we see that a piece of Σ is a graph x 3 = u(x 1 , x 2 , x 3 ) on a punctured ball Ω − {0} in M 2 × R. Moreover, the mean curvature function of Σ κ , viewed as a function H(x 1 , x 2 , x 3 ) on Ω − {0}, extends continuously to the puncture, with value H(y). Hence, it is known that the graph Σ κ extends smoothly to the ball Ω, see e.g. [LeRo] . In particular, the unit normal at the puncture is vertical. This is a contradiction with |y| < 1.
Consequently, we deduce that any orbit γ κ inside W κ 0 is a closed curve that contains e 1,κ 0 inside its inner region, see Figure 10 . This implies that the profile curve α κ (s) = (x(s), z(s)) of the rotational H-surface associated to any such orbit satisfies that z (s) > 0 for all s and that x(s) is periodic. These properties imply that Σ κ is an H-onduloid, with all the properties asserted in the statement of the theorem (see Figure 11 ). This concludes the proof. Similarly to what happens in the CMC case and for H-hypersurfaces in R n , see [BGM] , the family of H-onduloids for a given H in the conditions of Theorem 3.10 is a continuous 1-parameter family which has at one extreme of the parameter domain a (singular) vertical chain of tangent rotational H-spheres S H , and at the other extreme it has the CMC cylinder C H . 4 Existence of H-bowls and H-catenoids in H 2 × R The results exposed in Theorem 3.10 shows that, for H ∈ C 1 κ,even (I), the class of immersed H-surfaces globally behaves as the class of CMC surfaces in M 2 ×R, providing the same rotational examples. In particular, the existence of an H-sphere forbids the existence of entire vertical H-graphs in H 2 × R, since such existence would yield to a contradiction with the maximum principle. Indeed, if such an H-graph exists, then we would be able to move the H-sphere by vertical translations and reaching a first interior contact point between the H-sphere and the H-graph, where their unit normals agree.
However, this is not the case for a general H ∈ C 1 ([−1, 1]). As stated in the introduction, for the particular choice H(x) = x of the prescribed function H ∈ C 1 ([−1, 1] ) the class of immersed H-surfaces defined by Equation (1.4) corresponds to the selftranslating solitons of the mean curvature flow (MFC for short). Recently, the works of [Bue1, LiMa] extended this theory of self-translating solitons of the MCF in the product spaces. In particular, they showed the existence of a vertical, entire graphical soliton in the space H 2 × R.
In the next proposition we generalize this fact for the class of H-surfaces in H 2 × R, under some obvious necessary conditions on H. Recall that a necessary and sufficient condition on an even function H ∈ C 1 ([−1, 1]) for the existence of an H-sphere in H 2 ×R is that H satisfies 2H(y) > 1 − y 2 . We will show that the failure of this inequality forces the existence of a rotational, entire H-graph.
Proposition 4.1 Let be H ∈ C 1 ([−1, 1]), and suppose that there exists y 0 ∈ [0, 1] (resp. y 0 ∈ [−1, 0]) such that 2H(y 0 ) = 1 − y 2 0 (resp. 2H(y 0 ) < − 1 − y 2 0 ). Then, there exists an upwards-oriented (resp. downwards-oriented) entire rotational H-graph in H 2 × R that is either a totally geodesic slice, or a strictly convex graph.
Proof: If H(1) = 0 (resp. H(−1) = 0), then we define Σ = H 2 × {t 0 }, t 0 ∈ R, which is a totally geodesic surface in H 2 × R and in particular minimal. Thus, orienting Σ upwards we ensure the existence of such slice. If H(−1) = 0, then we orient Σ downwards and the result holds exactly the same. Suppose that H(1) > 0, and let be y 0 ∈ [0, 1] the largest value such that 2H(y 0 ) = 1 − y 2 0 .
By continuity we ensure that 2H(y) > 1 − y 2 when y is restricted to the interval (y 0 , 1], and thus the horizontal graph Γ −1 1 = Θ −1 1 ∩ {x = Γ −1 1 (y)} defined by (3.8) for the particular choice κ = −1, has a connected component given by the restriction of Γ −1 1 (y) to the interval (y 0 , 1] and satisfies Γ −1 1 (1) = 0 and Γ −1
These components Λ −1 + and Λ −1 − are the only connected components of Λ −1 , and they have Γ −1 1 as their common boundary. Moreover, Λ −1 + , Λ −1 − are monotonicity regions of Θ −1 1 , and by Lemma 3.1 each orbit y = y(x) in Λ −1 + (resp. Λ −1 − ) satisfies that y (x) < 0 (resp. y (x) > 0); see Figure  12 .
Let now Σ be the upwards-oriented rotational H-graph in H 2 × R constructed in Lemma 3.2, and let γ denote the orbit in Θ −1 1 associated to the profile curve α(s) = (x(s), z(s)) of Σ, which has an endpoint at (0, 1); see Corollary 3.3. By the monotonicity properties explained above, γ lies in Λ −1 + for points near (0, 1). By the same monotonicity properties, and using item 4 of Lemma 3.1, we can conclude that γ is globally contained in Λ −1 + . Thus, by its monotonocity and properness, γ can be seen as a graph y = r(x), where r ∈ C 1 ([0, ∞)) satisfies r(0) = 1, r(x) > y 0 , r (x) < 0 for all x > 0 and lim x→∞ r(x) = y 0 , see Figure 12 . Figure 12 : The phase space Θ −1 1 with the orbit γ plotted in red.
This implies that the H-surface Σ generated by the orbit γ is an entire rotational graph in H 2 × R. Since γ is totally contained in Θ −1 1 , we have by (3.13) that the second principal curvature κ 2 of Σ is everywhere positive. Moreover, since γ does not leave the monotonicity region Λ −1 + , we conclude from (3.7) and (3.13) that κ 1 is also everywhere positive. Thus, Σ is a strictly convex entire graph.
This concludes the proof in the case that H(1) > 0 and y 0 ≥ 0. A similar argument works in the case that H(−1) > 0 and y 0 ≤ 0. The remaining two cases, namely H(1) < 0, y 0 ≥ 0 and H(−1) < 0, y 0 ≤ 0, are reduced to the previous ones by a change of orientation. This completes the proof of Proposition 4.1.
2 These H-surfaces will be called H-bowls, in analogy with the translating bowl of the MCF; see Figure 13 . Proof: Let Σ be the rotational H-surface in H 2 × R generated by a unit speed curve α(s) = (x(s), 0, z(s)), contained in a vertical plane passing through the origin, that satisfies the initial conditions x(0) = x 0 > 0, z(0) = 0 and z (0) = 1 for some x 0 > 0. Then, the orbit γ of (3.7) associated to α(s) passes through (x 0 , 0) and belongs to the phase space Θ −1 1 around that point; i.e. ε = 1 in (3.7). Observe that, since H ≤ 0, the curve Γ −1 1 = Θ −1 1 ∩ {x = Γ −1 1 (y)} with Γ −1 1 (y) given by (3.8) does not exist (i.e. Γ −1 1 is empty). Thus, there are two monotony regions in Θ −1 1 , given by Λ −1 + := Θ −1 1 ∩ {y > 0} and Λ −1 − = Θ −1 1 ∩ {y < 0}. Any orbit y = y(x) in Λ −1 + (resp. Λ −1 − ) satisfies that y (x) > 0 (resp. y (x) < 0). We should also note that, by the condition H(±1) = 0, and since H ∈ C 2 , no orbit in Θ −1 1 can have a limit point of the form (x, ±1) for some x > 0, since this would contradict uniqueness of the solution to the Cauchy problem for (3.7); note for this that (x(s), y(s)) = (x, ±1), which is the orbit corresponding to a totally geodesic leave H 2 × {t}, t ∈ R, is a solution to (3.7).
Taking these properties into account, it is easy to deduce that the orbit γ is given as a horizontal graph x = r(y) for some r ∈ C 1 ([a, b]) with a < 0 < b, and so that r(0) = x 0 , r (y) > 0 (resp. r (y) < 0) for all y ∈ (0, b) (resp. for all y ∈ (a, 0)), and r(y) → ∞ as y → {a, b}. As a matter of fact, using (3.14) , it is easy to show that this is possible in our conditions only if a = −1, b = 1, see Figure 14 . Figure 14 : Phase plane Θ −1 −1 and the orbit γ for the particular choice H(y) = y 2 − 1.
Thus, Σ is a bi-graph in H 2 × R over Ω := H 2 × R − D H 2 (x 0 ), with the topology of S 1 × R. Indeed, Σ = Σ 1 ∪ Σ 2 where both Σ i are graphs over Ω with ∂Σ i = ∂Ω, and Σ i meets the slice {z = 0} orthogonally along ∂Σ i , see Figure 15 . By (3.7) we get y (s) > 0 for all s. So, by (3.13), we have that at every p ∈ Σ the relations κ 1 < 0 and κ 2 > 0 hold. In particular, the extrinsic curvature K ext = κ 1 κ 2 of Σ is negative at every point. This completes the proof.
2 Figure 15 : An H-catenoid for the particular choice H(y) = y 2 − 1 in the Poincaré disk model of H 2 × R.
These H-catenoids are a generalization of the usual minimal catenoids in H 2 × R; indeed, Proposition 4.2 recovers them for the particular choice H ≡ 0.
Further examples of H-surfaces
Up to now, the surfaces that we have study resemble highly to the ones appearing in the CMC surfaces theory and also to the self-translating solitons of the MCF. So, we may guess that H-surfaces in general behave like these classes of immersed surfaces. Far be it from this case, in this section we take advantage of the phase plane analysis done in the previous sections to construct some H-surfaces that cannot exist in the CMC theory, showing the wideness of this class of immersed surfaces. Most of the examples constructed in this section are motivated by the study realized in Section 3 in [BGM] .
Recall that in Theorem 3.8 we mentioned that the choice H ∈ C 1 κ,even (I) was necessary for the existence of an H-sphere. In Proposition 4.1 we showed that the condition 2H(y) > 1 − y 2 is needed in the space H 2 × R, since otherwise we ensure the existence of a vertical, entire H-graph over H 2 . Now we justify that the hypothesis on H being an even function is also necessary, although 4H(y) > (1 − κ) 1 − y 2 holds.
Indeed, what happens in general is that one of the orbits γ κ in the phase space Θ κ 1 that start at (0, ±1) ends up spiraling around the equilibrium, while the other ends up leaving Θ κ 1 in a finite time of its parameter across the boundary curves y 2 = 1 (and thus, enters the other phase space Θ κ −1 ). In the first case, we obtain properly embedded rotational H-disks in M 2 × R that stays at bounded distance to the vertical cylinder of mean curvature H(0), wiggling around it.
For example, if κ = −1 the function H(y) = y + 2 satisfies the inequality 2H(y) > 1 − y 2 but is not an even function. The phase space Θ −1 1 and the orbit with limit point (0, 1) looks like Θ κ 1 Γ κ 1 Figure 16 : The phase space Θ κ 1 and the orbit γ κ with initial data (0, 1) plotted in red, for the particular choice H(y) = y + 2.
The surface generated by this orbit is a rotational, properly embedded disk in H 2 ×R that is cylindrically bounded, and wiggles around a CMC vertical cylinder. See Figure  17 for a plot of the generated H-surface for this particular choice. In this situation it is easy to check that the rotational surface generated by ψ κ is a cylindrically bounded graph in M 2 × R, and with mean curvature depending on the angle function satisfying 4H(y) > 1 − y 2 , see Figure 18 . Observe that the previous H-surfaces ψ κ in Figure 18 , and the cylindrically bounded, properly embedded disk shown in Figure 17 cannot exist in the CMC theory in M 2 × R, provided the mean curvature is greater than 1/2. This is because of the existence of uniform height estimates for compact, embedded CMC surfaces with boundary lying in a horizontal plane.
These ideas have been recently developed in [Bue3] , where we covered topics regarding the global theory of H-surfaces in M 2 (κ) × R such as the existence of uniform height estimates for compact, embedded H-graphs and a structure theorem for properly embedded H-surfaces with finite topology.
Observe that in Proposition 4.1 we gave sufficient conditions on H to guarantee the existence of entire H-graphs in H 2 × R, which we named H-bowls by resembling reasons with the case of the prescribed function H(y) = y corresponding to the selftranslating solitons of the MCF. In the following proposition we impose conditions on H that ensure us the existence of wing-like H-surfaces, which are the analogous to the wing-like solitons, see [Bue1, LiMa] .
Proposition 5.1 Let be H ∈ C 1 ([−1, 1]) and suppose that H(1)H(−1) < 0 and that there exist unique −1 < y 1 ≤ 0 ≤ y 2 < 1 such that 2H(y 2 ) = 1 − y 2 2 and 2H(y 1 ) = − 1 − y 2 1 . Then, there exists a one parameter family of properly immersed H-surfaces, each one with the topology of an annulus. Both ends of each annulus points towards the e 3 direction, and are vertical graphs outside a compact set.
Proof: Suppose without losing generality that H(1) > 0 and thus H(−1) < 0; the opposite case is proved in the same way after a change of the orientation. By continuity, H(y) > 0 for points close enough to y = 1 and this implies that 2H(y) > 1 − y 2 for points close enough to y = 1, until reaching the instant y 2 where 2H(y 2 ) = 1 − y 2 2 .
As the function |2H(y)| only intersects the function 1 − y 2 twice, precisely at the points y 1 and y 2 , then by continuity |2H(y)| < 1 − y 2 for y 1 < y < y 2 until the instant y 1 , where 2H(y 1 ) = − 1 − y 2 1 . Again, by continuity 2H(y) < − 1 − y 2 for all the points in the interval [−1, y 1 ).
Because of these considerations, the curve Γ −1 1 given by the function (3.8) is a connected arc with the point (1, 0) as endpoint, and has an asymptote at the line {y = y 2 }, and it does not appears more in Θ −1 1 . Similarly, in the phase plane Θ −1 −1 the curve Γ −1 −1 only appears as a connected arc with the point (0, −1) as endpoint and an asymptote at the line {y = y 1 }.
Let Σ + be the rotational H-surface in H 2 ×R generated by an arc-length parametrized curve α(s) = (x(s), z(s)) with initial conditions x(0) = x 0 , z (0) = 1, for some x 0 > 0 arbitrary, but fixed. Moreover, we can suppose after a vertical translation that z(0) = 0. The orbit γ 1 (s) = (x(s), y(s)) passing through (x 0 , 0) belongs to the phase plane Θ −1 1 for s close enough to zero, as ε = 1 in (3.7). Increasing the parameter s, the curve γ 1 (s) can be expressed as an increasing graph y = y(x) until it reaches its maximum at some instant s 0 , precisely where γ 1 (s 0 ) intersects Γ −1 1 . Then, the graph y(x) is decreasing and also converges to the line {y = y 2 }, see Figure 19 . This first component Σ + is a graph onto H 2 , since the angle function only vanishes once, has the topology of an annulus and has compact boundary given by the circumference S 1 H 2 (x 0 ) at the instant s = 0. The height function z(s) is a strictly increasing function since ε = 1 in (3.7), and the curvature of α(s) is negative for s ∈ (0, s 0 ) and then positive for s > s 0 . In particular, Σ + is a strictly convex graph outside the compact set D H 2 (x(s 0 )); see Figure 20 , left, the component plotted in red. Now start again at the point (x 0 , 0), decrease the parameter s of γ(s) and denote by Σ − to the rotational H-surface generated by this orbit. In this situation γ 1 (s) can be expressed as a decreasing graph y = y(x) until γ 1 (s) intersects the line {y = −1} at some γ 1 (s 1 ) = (x 1 , −1), with x 1 > x 0 . At this point, the core curve α(s) has a point with horizontal tangency, and thus Σ − has horizontal tangent plane; see Figure 20 , left. If we keep decreasing the parameter s, then we change from the phase plane Θ −1 1 to Θ −1 −1 , where γ −1 (s) starts at the point (x 1 , −1). Then, γ −1 (s) can be expressed as an increasing graph y = y(x) that converges to the line {y = y 1 } without intersecting Γ −1 −1 , since it would contradict the behavior at the monotonicity region where it lies, exposed in 3.1; see Figure 20 In conclusion, Σ − is a graph because its angle function only vanishes when s = 0, the curvature of α(s) is always positive and the height function z(s) decreases from s = 0 to s = s 1 , where attains its minimum, and then increases. This properties ensures us that Σ − is a strictly convex graph outside the compact set D H 2 (x(s 0 )), has the topology of an annulus and its boundary is also the circumference S 1 H 2 (x(s 0 )).
By uniqueness of the solution of the Cauchy problem for graphs, we can deduce that both Σ + and Σ − can be smoothly glued together along their planar boundaries where their unit normals agree, obtaining a complete surface Σ with the properties stated at the beginning of the proposition, see Figure 21 . Note that Σ only depends on the size of it waist, which is the fixed positive value x 0 , and thus we will write Σ x 0 to emphasize this dependence.
This uniparametric family {Σ r } r>0 will be called H-wing surfaces, because of the analogy existing with the self-translating solitons of the MCF. Notice that the prescribed function H(y) = y generating this class of immersed surfaces lie in the hypothesis of Proposition 5.1 and we recover the wing-like solitons of the MCF in H 2 × R, see [Bue1, LiMa] . Let us point out that each Σ r , r > 0 lie in the non-compact component of H 2 × R − S 1 H 2 (r) . Figure 21 : An H-wing for the particular choice H(y) = y + 1/3. The ends are plotted in orange and red, and both are vertical graphs. The waist is the curve plotted in black.
For the last example shown in this section, consider the function H(y) = 1 − y 2 . Notice that as H(±1) = 0, the lines {y = ±1} are orbits in the phase planes Θ κ ε corresponding to either upwards or downwards oriented totally geodesic slices M 2 × {t 0 }, t 0 ∈ R. This implies that these orbits {y = ±1} act in some sense as barriers, since no orbit can intersect those lines without contradicting the uniqueness of Cauchy problem.
The study made up to now of the phase planes ensures us that there are three types of orbits in Θ κ 1 : the equilibrium, corresponding to a CMC cylinder, the lines {y = ±1} and a one-parameter family of closed orbits that generates onduloids, see Figure 24 . These closed orbits foliate Θ κ 1 −ε 1,κ 0 and varies between the CMC cylinder and a singular family of double covers of horizontal planes joined along the axis of rotation. This double covering is obtained by squeezing the waists of the onduloids, making their necksize tend to zero.
Let us analyze briefly the phase planes Θ κ ε . First, suppose that ε = 1. If κ = −1, then the curve Γ −1 1 is a connected arc which has asymptotes at the lines {y = ±1}, see Figure 22 . If κ = 1, then Γ 1 1 is a compact arc with endpoints (π/2, ±1). Moreover, both phase planes are symmetric w.r.t. the axis {y = 0}, since H is even, and each curve Γ κ 1 intersects the axis {y = 0} producing an equilibrium; see Figure 22 , left. Suppose now that ε = −1. For κ = −1 we have that Γ −1 −1 does not exist, and the orbits in this phase plane are a foliation that generates a one-parameter family of catenoidal examples, just as the ones constructed in Proposition 4.2. However, for κ = 1 the phase plane Θ 1 −1 is symmetric to Θ 1 1 and the behavior of the orbits are the same; they just differ from an ambient rotation. See Figure 23 , right. In Θ 1 1 , the curve Γ 1 1 and an orbit are plotted in green and red, respectively; in Θ 1 −1 , the curve Γ 1 −1 and an orbit are plotted in blue and orange, respectively. Figure 24 : An H-onduloid in the space H 2 × R for the particular choice H(y) = 1 − y 2 .
We refer the reader to [BGM] for hints of further constructions of H-surfaces.
